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Although the rf cavity code SLJPERFISH1is a neces-
sary tool for designing rf cavities, it is often useful
to have approximate?analytic formulas for the electro-
magnetic properties of u cavity. Or,eapproach for the
RFQ four-vane cavity is to use the analytic solutions
associated with an it]clinedplane waveguide.a

In this paper, we make use of t$e result that the
large capaeittve vane loading in the four-vane RFQ
resonator allows a convenient representation by a
simple lumped-circuit model. Formulcs are derived
that depend on a single unknown ;.arameter: the vane
capacitance per Unit length, which can be calculated
for different vane geometries using SUPERFISH. The
formulas from the model are useful for estimating the
RF()’s electromagnetic properties as a function of
paruneters such as frequency and intervane voltage.

~umped-Circuit Model

Figure 1 shows the cross section of an idealized
four-vane resonator consisting of four identical quad-
rants. In the TE210-like quadruple mode, tile vane-
tips are charged by currents that flow in the quadrant
walls to produce an irrtervanevoltage V as shown in the
figure. Also shown are the electric field lines for
this mode, localized near the vane tips, The magnetic
field, which is parallel to the central beam axis (per-
pendicular to the plane of fig. 1), is predominantly
in the outer quadrants and is 90° out of phase with
respect to the electric field. The whole field pattern
varies sinusoidally trrtime and, for unmodulated vanes,
is independentof longitudinal position. In the fo”,-
low!ng discussion, we will ignore effects associated
with vane modulation.

Fi9, 1, Cross section of the RFQ four-vane resonant
cavity. The electric lines of force and
vane=tip voltages are shown.

Thoquadrupole mode can be characterized by specify-
in that the electric field be parallel to the horfzon-
!ta and vertical llnes that pass through the central

beam nxis and through the vane tips of ltke polartty.
Then each of the four quadrants may be analyzed as an
indapendwrt resonant cavity, subject to this boundary
conditton. The geometry of a singld quadrant ts shown
in fig, 2,

In tho lumped-circuit model, we will assume that
each qutdrarrtof length k can be represent~d by a
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Fig. 2. Geometry of one RFQ quadrant.

lumped capacitance C’ and a lumped irrductiinceL’, each
of which is associated with the localized regions of
electric and magnetic field, respecttvel.v. For the
total cavity, this results in the equivalent circuit
for the quadruple mode shown in fig. 3. A more gen-
eral form of this equivalent CirCUit that included both
dipole and quadruple modes was suggested earlier by
Potter.s The four resonant quadrants provide separate
electrical Paths in parallel between points of maximum
positive and negative potential. Therefore, if CL is
the total capacitance per unit lenqth and L is the
cavity length, we may write Cl ■ 4C’/L.

Fig, 3. An equivalent circuit to repre$ent the trans-
verse RFQ electromagnetic properties.

For a single quodrant as shown in fig, 2, we will

compute the inductance as foliow$. We use Jll”dl“ M 1
?in the outcw part of the cavity dhere the eleCtr c

f~eld is small and tako a path parallel ‘o the beam
axts naar the conducting surface that ret~rns inside
the c’,ruiuctorwhere B is zero. Then B ● poI/L, where 1
is the transverse current over a length L. If thema9-
netic field is aprrrox{matelyuniform !n the outer r@-
gion of the cav~ty, wa write tha magnetic flux in each
quacrant as $ ■ BA ● uoA1/L, where A is the effective
cross-secticnal area of a q~adrant. The inductancefor
each quadrant of langth IIis then a ratto of flux to
current, or L’ ● uoA/l, To develop the model further,
-- ...---- ● k- -##m,.*1.,-.)...4...-.---- ----4-*- -8



with sides of length ~ as shown in fig. 4. Then, the
area is A ■ (4 + 3n)r /4 and the quadrant inductance
is L’ = (4+ 3n)por2/4L. The cavity resonant frequency

LIY
Fig. 4. Shape of idealized quadrant cross-sectional

area assumed for inductance calculation.

IS given byii? ■ (L’c’)-1. If we substitute for L’ and
C’, we obtain a relation between quadrant radius, fre-
quency, and capacitance per unit length, which Is

(1)

Thus, increased capacitive loading or higher frequencY
reduces the qubdrant radius and, likewise, the trans-
verse dinmnsions of the overall cavity.

For an ej~ tlmz dependence of the currents and
voltages, the peak cur!’er,ton the outer wall is given
by I ● jwCLLV/4, w’?re Y is the peak Intervane voltage.
Then, the peak values of the current per unit length IL
on the outer wall and magnetic field are

aod

B “ jUou.CLV/4 . (3)

We calculate the power loss by assuming the con-
ducting surface area for aach quadrant consists of the
cross section of fig. 4 taken over a length L, giving
a total surface area of S ■ (4 + 3n)2rL, which includas
all four quadrants. The power loss is

P ‘ (1/2)Rs(B/Po)2s,

whare Rs Is the surface resistance. If weuseeq. (3)
for B and use eq. (1) to eltmfnate r, we obtain a power
per unit length for the whole Rtq cavity of

(4)

where we have used Rs ■ (pou/20)1/2 and o is thu
conductivity Ths stored energy per quadrant fs
WI ● l/7(cl@), which implies a stored energy per unit
length for the whole RFQcav{ty of

WL.1CV2,
7L (5)

The quallty foctor is Qr uAJL/Pg, which can be rewrtt-

1/2
c= (74+yT)d ) . (6)

&

A local effective shunt impedance er unit length can
!be calculated from a definition ZT ■ (EoT)2/PL, using

eri.(4) and using E~T ■ mAV/213A, where A ts the accel-
eration efflcleficy~’B 1s the synchronous particle
velocity, and A is
result is

the free space wavelength. The

where c Is the speed of light.

{7)

The acceleration efficiency A varies typically
from O to about 0.5. Th~ effective shunt impedance as
given by eq. (7) varies throughout the RFCIas a result
of the v )iations In A and 13. The usefulness of this
quantity is probably restricted to the acceleristorsec-
tion of an RFQ, where acceleration rate is an important
performance criterion. It may be a useful parameter
for deciding on the correct transition energy for in-
jection Into a structure that follows the RFQ. The
above formulas are expressed in S1 units. The fre-
quency in our formulas should be expressed as w ■ 2nf
In hertz and voltage V is In volts. This wI1l give 1P
In amperes/meter, B in tesla, WL in joules/m, PE in
Natts/m@ter, and ZT2 In ohms/ ter.
ture copper, we use p=a~=l.7!0~~10~-~elpeS~~
PO ■ 4rIx 10-7 kg ● m/C2.

The formulas are repeated below with numerical
constants for a roc+n-temperaturecopper cavity. Sub-
stitute V In volts, CL in faradsheter, and f in
hertz.

IL
. j 1.6 fCLV ‘(A/m), (0)

B “j2.cixlo -6 fcLv (tesla), (9)

‘L ■ 1.3 x lo-3(fcL)%2 (tI/m), (lo)

■0.5CLV2 (J/m),HL (11)

Q ■ 2.4 X l@3(fCL)-”2 , and

ZT2.2,, ~ ,()-14(A/13)2f ’/2C&-3/2 (fUrn) . (12)

The power per unit-len th formula includes only
the RFCIfour-vane cavity. !n some cases, beam power
or an RFQ manifold mmy also con
power,

~!bute to the total
Furthermore, PLO Q, and 21 do not inciudc end-

plate losses that, however, are us~ally a small frac-
tion of the total.

Capacitance Ptr Unit-Length Valu.$

The foriwlas presented in the rovious Sectton ‘ie-
rpenalupon one unknown parameter: tie effective capaci-

tance per unit length CL. Electrostatic calculations
show that, a8 would be expected, C is Independentof

\radtal aperture for four poles of c rcular cross sec-
tion whose radius of curvature 1$ equal to the rad~al
apertUr@. There8!\~~aradsi~ter,~ AltrQcrvh~u~btainud for circular Polta ~s
about CL ‘ 90 n 10
together with sn asmclated weak dependence on radial
aperture, might be expected for vanes rather than
circular pelts.



with th? geometry shown in fig. 2. The resonant
frequency was calculated as a function of the radius r
and radial aperture ro. The vane-tip radius of curva-
turewas kept equal to the radial aperture r. for these
studies. Using the radius r and the resonant frequency
calculated from SUPERFISH, Cl was calculated for each
case using eq. (l). Figure 5 shows that the calculated
Cg is a rather weak function of the dimensionless
parameter roli, as expected. A decrease of CE as roli
increases is expected as the contribution of vane sides
decreases relative to a fixed contribution from the
vane tips. For, 0.002 ~ro/A < 0.008, we obtain C~
values fn faradshneter that can~ #approximated bythe
formula Cg=48 x 10-12(r /A)-l . An alternate pre-
scription to determine CA s to use eq. (5) with WL and
V from the SUPERFISH runs. This prescription yields CL
values about 3% lower than the curve in fig. 5. Thus,
C~depends somowhat on the prescription chosen; there-
tore, the numerical values given in fig. 5 must not be
considered as absolute.

I I
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Fig. 5.
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Capacitance per unit length versus ro/A de-
duced using SUPERFISH calculations with a pro-
cedure given in the text.
by the CL ‘naybe ‘escribf!’proximate formula CL= 48 x 10-
(ru/A)-l/~ in fara~s/meter.

The values of CLgiven in fig. 5 have been used to
evaluate B, PL, WL, and Q from eqs. (3)-(6) for compar-
ison with the more correct SUPERFISH results. For the
cases studied, we have found that the PL values a ree

!to better than 10Z, whereas the B, W&, and Q va ues
agree to better than 5%. For a given intervane voltage
and with CL given from fig. 5, the model overestimates
B, tlL,and Pi and underestimatesQ.

The model can be useful for estimating cavity
properties in the early stages of an RFQ design aswell
as for showing the dependence of the cavity properties
on w. CO, and V. A mOre detailed SUPERFISH study could
bemide-”to evalu&iteCLfor more realistic vane-geome-
tries.

ExceDt

f’ield,Stored Energy, and
Power Sca~lng with Frequency

for O and ZT2, which are inde~endent of
cavity excitation; the formulas in the previous section
have bten expressed in terms of intervane-voltage V.
Often the RFQ voltage is limited by the peak surface
electric field Es. Because the transverse resonator
dimwtsions are proportional to rf wavelength, and
E ●V/r (a result verified by SUPERFISH calcula-
t\ons), !hen V= Es/w. This implies that

‘L*CA ‘

8 ‘CA ‘

Pk*Ct3’2E,2/til/2 , bnd

W&cic#s2/ti2.

If E is independent of frequency, we would con-
!elude tha IL and B are independent of frequency and P&

and WL decrease as fre uency increases.
!

However, often
a Kilpatrick-criterion scaling is used for RFQ design,
which gives the peak surfaCe field as E5 = bEK, where

2 -8.5/EK ,f(MHz) = 1.643 EK e (13)

with EK in megavolts/meter and b is a bravery factor to
be chosen by the designer (typically b = 1.5 to 2.0).
An approximate representation for eq. (13) in the 100-
to 100W’4HZ frequency range of interest for many RFQ
designs is given by

0.4
EK(VV/m) = 1.8 f(MHz) . (14)

Then the following approximate scaling relations are
obtained:

wpvcp/11”2 .

We see that IL and B, which are proportional to
Es, will increase with frequency; PJLalso increases
rather weakly with frequency, but W& still decreases
with frequency.
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